A generalization of the L-matrix hierarchy  by Ramakrishnan, Alladi et al.
JOl:KNAL OF MATHEMATICAL ANALYSIS AND APPLIC.4TIONS 23, 10-14 (1968) 
A Generalization of the L-Matrix Hierarchy 
ALLADI RAMAKRISHNAN, R. VASUDEVAK, IV. R. RANGANATHAN 
AND 
P. S. CHANDRASEKARAN 
MATSCIENCE, The Institute of Mathematical Sciences, Madras-20, India 
Recently one of the authors (A.R.) [l] devised a method of building a 
hierarchy of what he called L-matrices which have the property 
-Gl+1= (Al2 + AZ2 + - * * + &+,) I = A,2I, 
where the matrix Lzn+l contains (2n + 1) parameters hi , ha ,..., hsn+i and I 
is a unit matrix of the same dimension as L2n+l . The structure and the inter- 
relations among the eigenvectors of the hierarchy of matrices were studied 
in detail and it was pointed out that the Dirac Hamiltonian is a member of 
this hierarchy. 
If we call Eq. (1) as the Clifford condition, Morris [2] has shown in a 
recent contribution that it is possible to generalize the Clifford condition on 
the L-matrices by requiring that the mth power of the L matrix is a product 
of a unit matrix and a number, i.e., 
Lg+, = (h,” + xzm + ..a + A?,+,) I = QI. 
The dimension of the matrix L2n+l is mn x m”. 
We now observe that many considerations of L-matrix theory are applicable 
even to matrices which obey the generalized Clifford condition. We shall 
demonstrate this in the case of m = 3 by obtaining explicit forms for the 
matrices, their eigenvalues, eigenvectors, and studying their interrelations. 
The extension to the case of general m follows directly, of course taking into 
account the difference in the forms of L-matrices for even and odd m as 
noted by Morris. 
The primitive L matrix obeying (2) involving three parameters is a linear 
combination of three matrices derived by Morris and can be written as 
10 
A GENERALIZATION OF THE L-MATRIX HIERARCHY 11 
( 
A2 4 + 4 0 
L,= 0 4 A, + w2h2 
1 
. (3)l 
h + A2 0 w2h, 
Here o denotes the primitive cube root of unity. 
The corresponding matrix for the usual condition, i.e., for m = 2 is 
(4) 
The higher dimensional L-matrices were obtained for m = 2 by a prescrip- 
tion known as the a-operation which consists in replacing any one of the three 
parameters of the primitive L, by the matrix LSndl and relabelling the other 
two parameters as A,,, and h2n+l , attaching unit matrices of the same dimen- 
sion as L2+]. to them. Thus starting with L, , we generate Lzn+l by the a-opera- 
tion. 
We now wish to point out that this prescription can be adopted even for L 
matrices obeying the generalized Clifford condition. For L, defined by (3), we can 
obtain L2n+l by replacing any one of the three parameters in L, by L,-, and 
relabelling other parameters as A,, and &+t . In particular we can define 
L 2n+1 = 
L 
L2n--1 @2n + w&T&+1) 1 
wL2n-1 
(X2, +oh,,+1u 0 
(hn + :2A2n+lJl * (5) 
w2L2n-1 1 
The dimension of the matrix L2n+l is obviously 3” x 3”. 
The matrix L, given by (3) has three eigenvalues Al(l), A,(2) and A,(3), 
where 
41) = 4, 42) = 4% 43) = AlW2, (6) 
and the eigenvector corresponding to Al(i) is 
(4(i) - U (4(i) - 4) 
6% + WU Pl + w2u 
(7) 
The third component of the eigenvector (7) can also be written as 
A, + h,/d,(i) - w2h, . 
1 We do not bother to attach additional labels to L-matrices for indicating the 
generalized Clifford condition since the distinction between the various cases will be 
obvious from the context. 
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Since we know how Lzn+r is generated from L, , we immediately recognize 
the structure of eigenvectors ofLpntl . If 8 is an arbitrary vector of dimension 






is an eigenvector of LBnfl with eigenvalues A,(i), where 
X13+h~+***+h;,+l=A,3 
and A,(i) is any one of the three roots of An3. 
It is to be noted that the matrix L2n+l has only three eigenvalues A, , 
WA, and w2A, but has 3” eigenvectors. This degeneracy among the eigen- 
vectors is obvious from the arbitrariness of the 3”-l dimensional vector Q 
in (8). The U-matrix of eigenvectors can be expressed in an elegant form as 
u = [Gn+, + L2n+1fl + A219 (9) 
where 
A = E 2) w2;nJ. (10) 
For example the U-matrix for L, can be written as 
x32 + A34 + Al2 (4 + WA21 (WA1 - w2h3) (4 + w&l (4 + w”A,) 
(4 + w‘92) (4 + A21 w2(~3z + 4X3 + 47 (4 + w%) (w2-4 - X3) 
G-4 + h2) (4 - WA31 (4 + 42) (4 + ah,) 4x32 + A34 + 4”) i 
(11 ) 
The degeneracy among 3” eigenvectors can be resolved by following the 
procedure as for m = 2 [3]. We find that the 3” eigenvectors of the matrix 
L 2n+l can be obtained as the simultaneous eigenvectors of the n matrices of 
dimension 3% x 3n: 
L 2n+1 , (““’ L2n--1 ,.,.-j, ---> i” L3 -.. .), (12) 
corresponding to the sequence of eigenvalues of these matrices. 
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As in the case of m = 2, we can obtain the “unsaturated matrices” by 
setting any one of the (2n + 1) parameters to be zero. In the case of La , 




A, - wh, ! 
4”(i) 
\ i Pl + WA,) 64 + w2X2) 1 
If we write 
where the matrices LPI , 9,) 6p3 , are given by (5), 
(13) 
(14) 
then we find that 9a acts as shift operator on the eigenvectors given by (13), 
i.e., it takes an eigenvector with eigenvalue Al(i) to that with w&(i). In the 
case of the quadratic Clifford condition, the symmetry operations consist 
of reversing the parameters and the eigenvalues. Here the corresponding 
operations involve a multiplication by W. 
The extension of these considerations to the case of any general m can be 
made directly, and, e.g., the U matrix corresponding to L takes the form 






and n,(l),... A,(m) are the mth roots of Anm and I is unit matrix of dimension 
mn-l 
However, important differences arise between the quadratic and the more 
general Clifford condition since the anticommutation operation involves 
multiplication by a factor W, or by multiples of w and not just by - 1. The 
similarities and differences will be discussed in a later contribution. 
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